Final term Linear Algebra 1 (Lenie) H.M. Goossens (S4349113)

1 System of linear equations:

a b
d

Consider the matrix M =

o are eigenvectors of M corresponding to the eigenvalues 1 and 2 ;respectively.

In this problem, we want to find the matrix M

Suppose that [ﬂ and F]

a

Find linear equations in the unknownsa, b, cand d

We know that Mx = A\x

A =landx = }

fa 01 [1] . [1] . [a+b] 1
Sole a1 =t 1] ® _c—|—d} - H
Ao =2andx = ;_

fa b] (1] . [1] . [a+2b] [2
le d]|2) =2 |2 © _c+2d} - M
So then we have the equations:
a+b=1
c+d=1
a+2b=2
c+2d=14
b

Write down the augmented matrix corresponding to the equations found in (a)

iy

C
Put the augmented matrix into reduced row echelon form.

OO
= NO

oONO
—HOoO—O
NO—O

1100]|1 1100(1
?8333 -0B)=03B-01)— 8(1)(1](1)(1) — Interchange (2) and (3) —
001 24 001 24
11zl pop g 198!
(0011o>—>(1)=(1)—(2)—><00110>—>(4>:(4)—(3)—><00110)
001 2|4 001 2|4 000 1|4
Tk
=B =B)-®-=>(009 0]
000 1|4
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d

Find all solutionsa, b, cand d from the reduced row echelon form.

We can immediatly read of:a =0,b=1,c = —4andd =4
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2 Determinants

Letn > 1. Suppose that A, B € R"*™ are diagonal matrices. Prove by induction onn that:
A B
det({B A}) (af; — b%y)(a3y — b35) ... (af, — b7,)

Base case:
Whenn =1
We see that A € R1*! = gy and B € R = by
A B a b
Therefore det {B A]) = det({blli aij) =ay - ay —byy - by = a?; — b3
So the statement hold forn =1

Induction step:

Assumen = k

Assume that det <{ ]) = (a3, — b3,)(ady — 135) ... (a2), — b3})

Brxk  Akxk
Now we want to prove that
4 Apyixkr1  Bryixkst
et

Bryixk+1  Aktixkt1
We know that
Apxk  Brxk
Brxk  Akxk

]) = (a; — b%y)(a5, — b35) .. (aik - bik)(a%k+l)(k+l) = b+ 1)(k+1))

= det(Apxk) det(Apxy) — det(Brxr) det(Byxk) = (afy —b3;) (a3, —3,) - .. (ajy — bix)

When we calculate
Apvixk+1 Bryixkst

Briixkt1  Artixk+1

= det(Apy1xr+1) - det(Appixrs1)

— det(Bry1xk+1) - det(Brixk+1)

a1 O 0 0 0
0 axm 0 0 0 au ao 8
0 0 ass 0 0 22
det<Ak+l><k+1)) = . : . : — a(k+1)(k+1)(_1)(k+1)+(k+1) 0 0 ass
0O 0 0 ks 0 ;
0 0 0
0 0 0 0 a(k+1)(k+1)
det(Aky1xhi1) = agrr1y k1) (—1)2 T2 det(Apxr)

By cofactor expansion along the £ + 1th column and row.
We can conclude that 2k + 2is even, thereforedet(Agy1xr+1) = @rt1)(h+1) det(Apxr)
When we do the same for By 1xx41 We see that det(Bri1xk+1) = b(r1)(k+1) det(Brxr)

Apvixk+1 Bryixktt
Briixkt1  Artixk+1

a%k+1)(k+1

2
ydet(Ar)™ = b3y 1y

= (k1) (k+1) det(Ar)-a(ur1) (k1) det(Ar) (k1) (k+1) det(Bk)-b(ky1)(k+1) det(By) =
) det(By,)?
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3: Vector spaces

Consider the vector space Py. The operator L : Py — Py is given by:
L(ax3 4+ b2 + cx +d) == (b+c)2® + (c+ d)2* + (d + a)x + (a + b)

a

Show that Lis a linear operator.
L(ap + Bq) = aL(p) + SL(q)

So we want to show that L(ap + Bq) = aL(p) + BL(q)
Let’s say that p(z) = iz® + jo? + kx + land q¢(z) = ex® + f2? + gx + h

L(ap + Bq) = L((ai + Be)x® + (aj + Bf)x? + (ak + Bg)x + ol + Bh)

So then we have:

L=a(j+k)2*+B(f+9)2® +alk+ 12>+ B(g+h)2®> + a(l+ i)z + B(h+e)z +ali+7) + Ble + f)
L = a((j+k)z’+(k+1)2?+ (140 2+(i+7))+B((f+g)z’+(g+h)2*+(h+e)z+(e+f)) = aL(p)+BL(q)
Which is exactly what we wanted to show.

b
Find a basis for ker L

ker(L) = {v € V|L(v) = 04}

ker(L) = {p € Pa|L(p) =0y,

we know that 0,, = 0z® + 022 + 0z + 0

So therefore we know thatb+c=c+d=d+a=a+b=0
Andp=ax® +b2®+cx +d

So from that we can conclude that:

0110 1 00

00 1 1 1100

L oo 17011 o ?@=@-1O~-

1100 00 1 1

[1 0 0 1 10 0 1 1 0 0 1
010 -1 010 -1 010 -1
001 1 001 1 00 0 O

So we see that only dis a free variable.

Thereforea = dandb = —dandc = d

So from that we can conclude that p(z) = do® — do? 4 dx +d
Which give us the basis {1, —1,1,1}7
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C

Let S = {p € P4|p+ L(p) = 0}
Show that S'is a subspace of P;.
Find the dimension of S

We see that 0 € S = S'is nonempty.

Letp € Sanda € F and we know thatp + L(p) =0
Soap + L(ap) = ap + aL(p) we have shown this ina
ap+ L(ap) =a(p+ Lp) =a-0=0€ S

Letp,q € Ssop+ L(p) =0andg+ L(q) =0
(p+a)+Lp+q) =p+q+Lp)+Lg) (Shown at a) =p+ L(p) + ¢+ L(q) =0+0=0€ S
So therefore S is a subspace of Py

Lety be an arbitrary element in S wherey = az® + bx? + cx + d

From that we know thaty + L(y) =0

Soaz® +bx? +cx+d+ (b+c)x® + (c+d)a?+ (d+a)xr+ (a+b) = (a+b+c)x® + (b+c+d)x? +
(c+d+a)xr+(d+a+b)=0

But then we can concludea+b+c=b+c+d=c+d+a=d+a+b=0

11100 2)=(3 11100

01110 (3)_(4) 101 1[0 (2)=(1)—-(2)

1o11/0]= B=@ ={1101]0 §(3):(1)_(3)

1101]0 (4) = (2) 0111|0

which we can also do by first multiply it by -1, and then add row 1
010 10 010 210 010 210

=loo1-1jo]=@W=4-@)=1001 -1l0|]=>@W=1-CB)=1001 -1|0
011 110 001 210 000 3]0

010
:>(4):;1),(4):><001
000

dimension is 4.
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4

a

Find the matrix representation of D relative to the bases E = F = (f1, fa, f3, fa, f5, f6)
WithV :Span((fL f2a f3a f47 f57 f6)

Theorem 4.2.1 gives us:
a; = L(ej)

Where L(x) = Ax)

So in our situation:

a; = D(f;)

We will represent a sin(z) + bz sin(z) + cz? sin(z) +d cos(z) + ex cos(z) + f2? cos(x) as (a, b, ¢, d, e, f)T

ay=D(f1) =cos(x)=(0 0 0 1 0 0)"
as = D(fy) = sin(z) +cos(x) =(1 0 0 1 0 0)"
az = D(f3) = 2zsin(z) + z?cos(z) = (0 2 0 0 0 1)T
as=D(fs) = —sin(x)=(-1 0 0 0 0 0)"
as = D(fs5) = cos(z) —sin(z) = (-1 0 0 1 0 O)T
as = D(fe) = 2z cos(z) — z?sin(z) = (0 0 -1 0 2 O)T
So the matrix representation is given by the following matrix:
010 -1 -1 O
0 0 2 O 0 0
0 0 0 O 0 -1
A= 1 1 0 0 1 0
00 0 O 0 2
0 01 O 0 0
b

Use the matrix representation found in (a) to find the definite integral.

J ax cos(x) + bx sin(z)dx
SoD(f) = f' = ax cos(x) + brsin(z)dz

What is f?7
010 -1 -1 0 0
002 0 0 O b
0 0 0 O 0 -1 0 . .
D(f)=Af = 110 0 1 0 f= 0 which give us:
000 0 0 2 a
001 0 0 O 0
010 -1 -1 010 100 O 10O
002 0 0 O01]b 010 -100|0
000 O 0 -—-1]0 001 0 0O0]O0
1100 1 ofo]=~ 000 1 02|a
000 0 O 2 |a 000 O 1 O0|—-b
001 0 O 010 000 0O O01]0
I did it on paper, but it was not readable and not enough time to type it.
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So we havexg = —landzs = —band x4 + 206 = a = z4 = a,andx3 = 0andaxy — x4 = 0= 29 —a =
0=z =cand finallyz; +25=0=2;1 —b=0=27, =0
f = brsin(x) + az? cos(x) + az cos(z) — bsin(x)

18-01-2021 Page 7



Final term Linear Algebra 1

(Lenie) H.M. Goossens (S4349113)

Question 5:

Letx; = [H and xg = B} y1 = [ﬂ andys = B]

Be given vectors. We want to find the best least squares fit fory = Mx where M is a symmetric

matrix of the form M = {Z 2}

a

Find the normal equations:

Byy = Mxwe find:
4=a+b3=a+b,2=a+band2 = b+ aso we have:
1 1|4
(}H)ATAx:ATbSO:
2 12
1 1 4
1 1 1 201 1ffae| |1 1 1 2||(3
1 1 2 1] |1 2| (b |1 1 2 1] ]2
2 1 2
b
Find the solution.
ara— |7 5] [e] _[13 . bef I b= 13 and 13
=15 7| |p| = [{3| = same reasoning as before={ ; 15 sob={zanda = £
13 13
SOM:[}§ {g}
5 15
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